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Abstract

In this paper, we propose a robust and efficient algorithm
for generalized orthonormal discriminant vectors (GODY).
The major advantage of the proposed method is the use of
the rank-one update technique, rather than the Lagrange
multipliers method, to iteratively derive the formula of
computing the discriminant vectors of GODV. By contrast
with the previous algorithms of GODV, the proposed
algorithm has the computational efficiency and the
numerical stability because of the avoidance of solving the
inverse computation of matrices. Moreover, the proposed
algorithm can be easily extended to tackle the nonlinear
problem via kernel trick. The performance of the proposed
algorithm is tested on the Yale face database and ORL
face database, respectively.

1. Introduction

Linear discriminant analysis (LDA) is one of the most
popular feature extraction methods in pattern recognition
[9][6]. It realizes an optimal set of discriminant vectors
that maximize the between-class scatter distance and at the
same time minimize the within-class scatter distance of
the training data set. However, the classical LDA method
is usually suffer from the rank limitation, which means
that the available number of the discriminant vectors of
LDA generally depends on the rank of the between-class
scatter matrix. This problem occurs especially when the
number of the data classes is small.

To overcome the rank limitation of LDA, Foley and
Sammon firstly proposed the optimal orthonormal set of
discriminant vectors (FSODV) in 1975 for two classes
problem [2]. In 1985, Okada and Tomita extended Foley’s
method to multi-class problems, where they proposed a
new algorithm based on an orthogonal subspace approach
to solve the optimal discriminant vectors [10]. In 1988,
Duchene and Leclercq proposed another algorithm based
on Larange multipliers method for the same problem [11].
All the above three algorithms aim to overcome the rank
limitation of LDA. However, Liu et al. pointed out in
literature [1] that it is difficult to guarantee the property of
maximum  between-class  scatter and minimum
within-class scatter using the traditional Foley-Sammon
orthogonal discriminant vectors, which is very desirable

for designing a better classifier. Therefore, they proposed
a generalized orthonormal set of discriminant vectors
(GODV) to overcome this drawback of the FSODV
method. The experiments in [1] showed that the GODV is
superior to FSODV in terms of classification rates.
However, Liu’s algorithm may suffer from bosh
computational and numerical problems because their
algorithm involves many matrices computations including
the inversion of matrices. To overcome this problem, we
propose a new algorithm for GODV by using the rank one
update technique. Moreover, consider that GODA is still a
linear method, which is not appropriate to use for many
nonlinear recognition problems, we had presented the
kernel version of GODV (KGODV) in [4]. However,
similar with the previous GODV algorithm, our algorithm
still suffers from both computational and numerically
instable problems. To overcome these drawbacks, in this
paper we also propose another robust algorithm for
KGODV based on the rank-one update technique and the
singular value decomposition (SVD) approach.

2. Review of GODV

Let X={x/|j=1---,N;i=1--,c} be an »n -dimensional
sample set with N elements, where n>>N, c is the
number of the total classes and », is the number of the
samples in ith class. The between-class scatter matrix

S, and the total-scatter matrix S, are respectively
defined as follows:
SB:iNi(ui_u)(ui_u)T (1)
S, =23 (x/ ~w)x/ —w)’ ®)

i=l j=1
where x” represents the transpose of the vector x, x/
the jth sample in the ith class, u, the mean of the ith
class samples, and u the mean of all samples:
1 & 1< dy
u, =— X:! , uU=— Xxj (3)
WIS NS

Define the Fisher criterion J,(®) by

T
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Then, according to literature [1], the optimal orthonormal
vectors of GODV can be obtained step by step using the
following procedures:

(1) The first orthonormal vector, denoted by o,, is the
unit vector that maximizes J,(®);

(2) Suppose that we have obtain the first i optimal
orthonormal vectors of GODYV, then the (i+1) th

is defined as

the unmit vector that maximizes the new criterion
J,.(®) under the following orthogonal constraints:

(DiTH(D/:O(‘]':LZ,"',Z.) (5)

where J,, (®) is defined as:

meSBmI/(mim,) +(1)TSB(1)/||co||2

orthonormal vector, denoted by

i+l

J., (w) =L _(DT(a,.I+SB)m
i+l - —
Zm;Sij/(mimj) +0)TST(D/"(D"2 (oT(b‘l +S,)o
I=
(6)

where ai=Zm;Sij/(ij.u)j) , b,.:Zu)]T.STu)j/(u)iwj) ,
=1 =1

and T isthe » by » identity matrix.
To solve the optimal discriminant vectors of GODV, Liu
et al. proposed the following algorithm [1]:

(1) The first optimal vector o, is the eigenvector of the

matrix  S;'S,  corresponding to the largest
eigenvalue;
(2) Suppose that we have obtained the first i

discriminant vectors of GODV, denoted by o, ,--,0,,
then the (i+1)th optimal discriminant vector can be
calculated by using the following procedures:

Suppose that V,=span{o,,---,,} be the subspace
spanned by the first i discriminant vectors of GODV.
Construct the complementary subspace V, of V,.

Let V. =span{@,,,0,.,} , where ¢, are

orthonormal vectors. Let P, =[¢,,--,9,,], and let &,
be the eigenvector of (al+P]S,P)"'(bI+P'S,P)

corresponding to the largest eigenvalue. Then the
(i+1) th optimal discriminant vector of GODV can be

aHI
From the above algorithm, we can see that Liu’s algorithm
may suffer from the computational problem and the
numerical stability problem. This is because their
algorithm needs to compute the inverse of matrices in each
step, and also needs to construct an orthonormal basis of a
new subspace in each step.

written as: o, =é’;f+,/|

3. Robust Algorithm for GODV

In this section, we will propose another algorithm for

GODYV, which is computationally more efficient and
numerically more stable than Liu’s algorithm. Moreover,
our proposed GODV method can be easily extended to the
nonlinear version of GODV via the kernel trick [3][8].

It is easy to know that any optimal discriminant vector
of GODV, denote by ®, can be written as the span of the
columns of I. For simplicity of our derivation, we make
the following notations

I=I,, Sy=S,, s’ =s,
Then, the first discriminant vector @, can be written as
the following form:
o, =1,a, @)
where o, isan » dimensional vector.

Suppose that we have obtained the ith orthonormal
discriminant vector ®,. Then the (i+1)th orthonormal
discriminant vector ,,, lies in the subspace spanned by

the columns of the matrix I, , where 1 is obtained

(i+1)
using the following rank one update:
T

I(i+l) = I(i) —0,;0; I(i) (8)
Thus, finding ©,, is equivalent to finding the coefficient
vector a,, such that

o, =L, 9
In this case, the criterion J,,(®) can be rewritten as:
o1}, (al+S )l 0 o'B, a

J. (a)= = 10
(@) oI, (al+S)I o o'W, a (10)
where a,=) 0'S,0,, b =) 0/S,0,,and
j=1 j=1
B(Hl) = S(ﬁfﬂ) + aiA(Hl) 11)
Wiy = Sy +hAu, (12)

where

i =89 —,(0'SY)-SV0.0” +o,(©/SYe,)o!  (13)
Si =8Y —@,(0'S")-SV0.0” +o,( @ SVe,)ol  (14)
Ay =4, -1 (o]1,) where A, =1 (15)
Suppose that ©,,---,0, are the optimal orthonormal
discriminant vectors of GODV. According to the above
analysis, we have the following algorithm for solving the
optimal discriminant vectors of GODV, where a, =5, =0,

B, =SY,and W, =SP:
GODYV Algorithm: Repeat for i=1,--- . K
1. Let W,=U,D,U be the singular value
decomposition ~ (SVD)  of W, and let

B -2 -2 .
B(I’) _D(i) U(i)B(l)U(I)D(l) 4
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2. Compute the -eigenvector, denoted by o ,

corresponding to the largest eigenvalue of the

symmetric matrix B

3. Let o, =1

on
wU,D e, andlet o =o, /||m[|| ;

4. Update the following matrices:
a,=a_+0'S,0,;
b =b +o!S,,;
St =8Y —0,(0'SY)-SY0,0" +o,(©/SYo,)o!
i =8Y —0,(0'S")-SV0,0" +o,(0/SVo,)o’
Ajy =4 -1, (Di)(miTI(i))

(i) (O]

— QUi+h .
By =Sy +al

W, =S7™" +bA

i (i+]) ,

After performing the above procedures, we obtain that the

projection matrix of GODV, denoted by W, , where
Woopy =l 0] (16)
Then the projection of a test point x,, onto W, can
be computed by
2 = Weopr X (17)
The classification is obtained by minimizing the distance
d=||zf -z, ’ (18)

where z/ are the projections of x/ onto W, .

4. Robust GODV Algorithm with Kernel

Let X is mapped into a Hilbert space F through a
nonlinear mapping kernel function @, ie., ®: X F,
x—>®(x). Then S, and S, in F can be respectively

rewritten as:
S2 =Y N, —u®)u® —u®y’ (19)
i=1

c

$? =33 (@(x/)-u®)(@(x/)-u®)’ (20)

i=1 j=1
1 & ) 1 <M )
W= Sen), w=YYen)  (@2)
N,~ Jj=I NI Jj=1
The Fisher discriminant analysis can be expressed as:

o’Sto

Jr(w)= (22)

o’S?e
And the expression of J,,(®) in equation (6) can be
rewritten by
Z’:")/T‘SZ"’.//("’?‘”./)+°’TSZ‘°/"°‘)"2
Jin(@) =22 (23)
Z‘”;S(TD‘”.//("’.?"’./)+"’TS$°’/"°’"2
J=1

To solve the optimal discriminant vector of KGODV, we

firstly divide the whole data space into two orthogonal
subspaces, i.e., the null space of S}, denoted by S7(0),
and its complementary subspace, denoted by S%(0). It has

been proven that the subspace S7(0) carries no

discriminant information [3], thus we only limit our

attention to the subspace S7(0) to find the optimal
discriminant vectors of KGODV.

We use the kernel principal component analysis (KPCA)
[8] to remove the null space of S7. Let W,,., be the
transform matrix of KPCA, and let y/ be the projections

; .
of x/ onto W,,.,,1ie.,

y{ = W[?PCAX{ (24)
Then the between-class scatter matrix in the projection
space, denoted by S, , and the total scatter matrix in the
projection space, denoted by S, , in the projection space
can be respectively expressed as

S, = SN, (@ i@, )’ (25)

~ c N X - . -
S, =2 > (v —u)y/ )’ (26)
i=l j=1
where u, the mean of the ith class samples and u the
mean of all samples. Thus, our goal turns to solve the
GODV problem of the projection sample set {y/} , which

can be easily implemented according to section 3. We omit
the derivation of this algorithm due to the space limitation.

5. Experiments

We will test the proposed algorithm on the Yale face
database and ORL face database. The nearest neighbor is
used over the experiments.

5.1 Experiment on Yale face database

The Yale face database contains 15 subjects, each of which
contains 11 face images with variations in both facial
expression and lighting condition. The original face
images are sized 243x320 pixels with a 256-level gray
scale. Figure 1 shows all the 11 images of one subject. To
reduce the background part of each full image, each image
is manually centered and cropped into a size of 190x170

pixels, and then down-sampled into the size of 95x85.
Moreover, note that the normal facial expression image
and the without glasses image (or with glasses if subject
normally wears glasses) in the face subjects numbered 2, 3,
6,7, 8, 12 and 14 are copies of each other (see Figure 1).
We remove the normal facial expression image. Consider
that the size of this database is relatively small, we adopt
the “leave-one-out” cross validation strategy to test the
proposed method. Moreover, for the comparison purpose,
we also perform the same experiments using the PCA
method, the Fisherfaces method, the direct LDA (D-LDA)
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method [5], and the null space method [13]. Table 1 shows
the experimental results of various systems. From Table 1,
we can see that the GODV achieve best recognition rate
among the various methods.

() 2 @) 4) (8) (6)
@ ®) 9)

(10) (11)

Figure 1 Ten images for one subject in Yale face database

Table 1 Comparison of error rate on Yale face database

Methods Reduced Space Error Rate (%)
PCA 40 23.33 (35/150)
D-LDA 14 11.33 (17/150)
Fisherfaces 14 4.00 (6/150)
Null Space 14 4.00 (6/150)
GODV 50 3.33 (5/150)

5.2 Experiment on ORL face database

In this example, we use the ORL face database to test the
performance of the proposed algorithm. The ORL
database contains 40 distinct subjects, where each one
contains 10 different images taken at different times,
varying lighting slightly. All the images are taken against a
dark homogeneous background and the persons are in
upright, frontal position, with tolerance for some tilting
and rotation. The original face images are all sized
112x92 pixels with a 256-level gray scale. We use the
two-fold cross validation to test the performance of the
various systems. Table 2 shows the experimental results. It
can be clearly seen from Table 2 that the proposed method
still achieves the best recognition result.

Table 2 Comparison of error rate on ORL face database

Methods Reduced Space Error Rate (%)
PCA 80 9.75
D-LDA 39 10.50
Fisherfaces 39 14.00
Null Space 39 8.50
GODV 80 8.25

6. Discussions and Conclusions

We have presented a robust algorithm for GODV in this
paper. By using the rank one update technique, we can
greatly save the computation of update the matrices of the
Fisher criterion. On the other hand, by only using the SVD
operator rather than computing the inverse of matrices, our
algorithm will be more numerically stable than the
previous algorithms. Moreover, by using the kernel trick,

our algorithm can be easily extended to handle the
nonlinear version of GODYV, i.e., the KGODV algorithm.
The experiments on face recognition also show the better
performance of the proposed algorithm in terms of
recognition rates.
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