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Abstract
Face is a perceptually symmetric object; however, it of-

ten appears not so in captured image due to the rotation in
depth within the 3D space. In this paper, we explore the in-
variant of the symmetry point pair when the pose and sym-
metry radius are changed. Under the general perspective
camera model, we present an invariant, called perspective
symmetry invariant (PSI), which only depends on the focus
length and the rotation angle in depth when the angle is
relatively small. PSI is discriminating for pose estimation;
meanwhile, it can be used to synthesize face shape in novel
views with different PSI values. Encouraging experiments
on these two contributions of PSI are presented.

1. Introduction

Pose1variation may greatly affect the performance of a
face recognition system [6]. Unfortunately, 75% of faces in
real captured images are not absolutely frontal [8]; hence
the pose estimation becomes an inevitable process in order
to implement an automatic face recognition system, and it
often acts as face alignment [4] step between the face detec-
tion [10] [11] and final face recognition steps.

Previous algorithms for face pose estimation can be
roughly divided into two categories: appearance based and
geometry based approaches. Appearance based approaches
treat pose estimation as a general classification problem
[3][9]. For geometry based approaches, the knowledge of
projective geometry is applied to explain the relationship
between the 3D scene and the 2D image by a set of key fea-
ture points [2][6][7]. Geometry based method is relatively
more accurate since it is not effected by illumination, ex-
pression and age variants; moreover, it does not need the
training stage, hence is more applicable. The faces with the
same pose in 3D space might not look similar after mapped
into 2D image plane, which depends on the position where
the faces are mapped in the image, and Fig. 1 displays two
such kind of examples. However, most previous geometry
based approaches cannot well explain this issue since they
often used simplified camera models like weak perspective
model [2].

In this paper, we try to resolve the above problem in the-
ory. We study the symmetric point pairs under general per-

1The work in this paper was fully supported by grants from the Re-
search Grants Council of the Hong Kong Special Administrative Region.

Figure 1. Examples: faces with same pose in
3D space, yet different poses in image plan.

spective camera model, which is more general than weak
perspective model. By exploring the relationship between
symmetry property and the camera parameters, we deduce
a perspective symmetry invariant (PSI), which has the fol-
lowing two properties: 1) for the given rotation angle in
depth of a symmetric point pair, PSI is independent to its
symmetry radius; and 2) when rotation angle in depth is rel-
atively small, the relationship between 1/PSI and rotation
angle in depth can be approximately characterized with a
cotangent function. PSI is an effective feature for pose es-
timation; and the experiments demonstrate the encouraging
results for pose estimation with PSI. Moreover, PSI can be
used to synthesize face shape of novel views by using differ-
ent PSI values, which is of potential application importance
for constructing non-frontal active shape models from a set
of fontal face shapes, which can be used for non-frontal face
alignment.

2. Symmetry Analysis for Pose Analysis

2.1. Perspective Symmetry Invariant

In this section, we apply the perspective camera model
to explore the properties of the symmetry object rotated in
depth. For simplicity, the principle point is assumed to be
the center of image plane temporarily. Fig. 2 is the top-
view of the camera model from the y axis, and the image
plane is simplified as the x-axis. C is the origin of the im-
age coordinate system. The two symmetric points have the
same radius, r, to their middle point. These three points
are mapped to the image plane as point L, O, and R, re-
spectively. Let f (f > 0) represent the focus length and
z (z > f) denote the distance from the middle point to the
focus point. When there is no rotation in depth, it is obvi-

1

The 18th International Conference on Pattern Recognition (ICPR'06)
0-7695-2521-0/06 $20.00  © 2006



Figure 2. Top-view of symmetric point-pair in
perspective camera model.

ous that ‖OL‖ = ‖OR‖ (‖ ∗ ‖ is the distance of two points)
even there is an offset, x1 (−∞ < x1 < +∞) , from the
middle point to the Z-axis. Denote θ (−90◦ ≤ θ ≤ 90◦)
as the rotation angle in depth as shown in Fig. 2. Positive
direction means rotating from the line of the points to the
horizontal axis clockwise. From the most general situation
in Fig. 2 (right), we have

‖OL‖ = ‖CL‖ + sign(x1)‖CO‖
=

f

z − r sin θ
(r cos θ − x1) +

f

z
x1 (1)

=
fr(z cos θ − x1 sin θ)

z(z − r sin θ)
,

‖OR‖ = ‖CR‖ − sign(x1)‖CO‖
=

f

z + r sin θ
(r cos θ + x1) − f

z
x1 (2)

=
fr(z cos θ − x1 sin θ)

z(z + r sin θ)
.

In the above two equations, the numerators of ‖OL‖ and
‖OR‖ are the same, so

1
‖OR‖ − 1

‖OL‖ =
2z sin θ

f(z cos θ − x1 sin θ)
. (3)

In this equation, the variant r disappears, that is, 1
‖OR‖ −

1
‖OL‖ is independent on r. Moreover, z, f , θ, x1 are fixed
when the middle point of the symmetric point-pair is fixed;
hence the above equation is constant, and we have the Per-
spective Symmetry Invariant:

PSI =
1

‖OR‖ − 1
‖OL‖ =

2z sin θ

f(z cos θ − x1 sin θ)
. (4)

Further, if θ �= 0, we can calculate the reciprocal of PSI as

1
PSI

=
‖OL‖‖OR‖

‖OL‖ − ‖OR‖ =
f

2
ctgθ − 1

2
fx1

z

=
f

2
ctgθ − 1

2
sign(x1)‖CO‖. (5)

Here, z and x1 also disappear. ‖CO‖ is the distance from
the mapped middle point to the origin in the image plane.
There is only one unknown parameter, f , in the equation,
when the the middle of the symmetric pair points is fixed.
More generally, when the offset of principal point is consid-
ered, we only need to add it to the right side as

1
PSI

=
f

2
ctgθ − 1

2
f(x1 + x0)

z

=
f

2
ctgθ − (

1
2
sign(x1)‖CO‖ + C1), (6)

where x0 is an offset between the origin and the principle
point of camera, C1 = 1

2
fx0
z is a constant. Further, ctgθ is

very large when θ is small, thus

f

2
ctgθ � (

1
2
sign(x1)‖CO‖ + C1).

By ignoring the item of right side, we can obtain

PSI =
1

f
2 ctgθ − (1

2sign(x1)‖CO‖ + C1)

≈ 1
f
2 ctgθ

=
2
f

tgθ. (7)

It shows that, when the rotation angle is small, the per-
spective symmetry invariant (PSI) can be considered to
be independent to the distant 2r between two symmet-
ric points, the offset of the center of these two symmet-
ric points, and camera center offset. PSI can be used for
many applications, including pose classification and new
view synthesis of face shape.

2.2. Face shape synthesis with PSI

From (4), we can synthesize face shapes with different
PSI from a frontal template. In Fig. 3 (a), the left side of
left eye and mouth are presented, and the right side of the
left eye is synthesized from its left side according to the
symmetry property, and the rest of the face can be generated
with the same method. In this problem, the length of one
side l1 and the PSI are given. The length of the other side l2
is to be calculated. According to (4),

1/l1 − 1/l2 = PSI. (8)

Here, if PSI > 0, which means l2 > l1; when l1 satisfies
that 1/l1 < PSI , l2 will be calculated as a negative value,
which is unreasonable. So, we set PSI as a negative value
and synthesize the shorter half from the longer half. Thus

l2 = l1/(1 − l1PSI). (9)

where l2 is less than l1 obviously. Moreover, it is easy to
prove that l2 monotonically increases with l1 when PSI >
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0; and its limitation is lim
l1→∞

l2 = lim
l1→∞

l1
1−l1PSI = − 1

PSI .

These properties are all explainable. Hence, we need to con-
sider the direction of rotation during the pose generation of
face shape. As shown in Fig. 3, the face shapes of different
poses are synthesized from the red part to the left part, and
there is an assumption that face shape is in a plane, and the
middle points of the symmetric point-pairs all lie on a line.

(a) (b)

Figure 3. Shape synthesis with different PSI.

3. Experiments

3.1. Relationship Validation between 1/PSI and θ

In this subsection, we explore the relationship between
PSI and the rotation angle in depth with the real data, and
validate the effectiveness of PSI. Eight frames of different
poses are selected from a video as shown in Fig. 4. We la-
bel the eye corners manually and their angles are estimated
by assuming that the head rotates evenly. Then, we have
two symmetric point-pairs for each image and assume their
middle points have the same horizontal values.

Denoting the four corner points as x l1, xl2, xr2, and xr1

from left to right, we can obtain the following equation to
calculate the middle of eyes, m, according to the (9) for
each image.

1
m − xl2

− 1
xr2 − m

=
1

m − xl1
− 1

xr1 − m
. (10)

Let y = 1/PSI , we can obtain the following equation with
(10) by average the PSI values of two data pairs.

2y =
(m − xl2)(xr2 − m)
(2m − xl2 − xr2)

+
(m − xl1)(xr1 − m)
(2m − xl1 − xr1)

(11)

Then, we approximate distribution of 1/PSI with respect
to θ with a cotangent-like curve (with a constant plus), i.e.
y = f/2ctgθ + b (f and b are unknown) in the sense least
square error.

Based on the cotangent-like curve, Table 1 illustrates the
detailed results of these eight frames; the mean and stan-
dard deviation of the absolute error are 6.2380 and 4.1721,
respectively. These errors should be mainly caused by the
mis-locations of the feature points; when the face rotation
angle is too large, the eye corners may be occluded, thus are
difficult to be accurately located.

Table 1. Errors of the estimated angles

As described in Section 2.2, we can synthesize face
shapes with different PSI values. To synthesize shapes in
different size, the PSI needs to be adjusted since

1/(αl1) − 1/(αl2) = PSI/α. (12)

where α is the ratio between the size of real face and the
template. Fig. 4 illustrates the simulation results of these
8 frames. The shapes all look like in the real face images.
These results provides important heuristic for face align-
ment with non-frontal pose to construct non-frontal face
models from frontal face by rendering with different PSI
values.

(a) PSI = -0.0013 (b) PSI = -0.0033

(c) PSI = -0.0045 (d) PSI = -0.0055

(e) PSI = -0.0045 (f) PSI = -0.0052

(g) PSI = -0.0083 (h) PSI = -0.0154

Figure 4. Face shape synthesis with derived
PSI from two symmetric point pairs.

3.2. Error Analysis

The limitation of geometry based approaches for pose
estimation is that they may be sensitive to the location er-
rors of feature points. In this subsection, we explore the
tolerance ability of PSI.
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Figure 5. Pose estimation results

Figure 6. The distribution of ∇l2 vs. PSI.

Firstly, we assume the term ( 1
2sign(x1)‖CO‖ + C1) is

omit in (6). In other words, the middle point is on the prin-
ciple axis. So PSI = 2tgθ/f is a tangent function exactly.
Because f is still an undetermined parameter, we use PSI
to grade the poses instead of rotation angle θ. By setting l1
to a constant, l2 can be calculated with (9). Here, we set
l1 = 50 pixels. The range of PSI is [-0.005, -0.020] and
there are two different step intervals, -0.001, -0.002, and -
0.003, for PSI. For each PSI value, from (9), we can obtain
two sets of l2,i, i = 1, 2, .... Then, the interval of l2,i can be
computed as ∇l2,i = l2,i+1 − l2,i.

3.3. Face Pose Estimation with PSI

In this experiment, we collect 297 face images in the
UMIST face database [1], which consists of face images of
twenty people. Each of them covers a range of poses from
profile to frontal views. The four eye-corners are manually
labeled and we select 7 images as in Fig. 5 for templates
of different poses. From (10), we can obtain their middle
points and calculate their PSI as references.

For the rest faces, their PSIs are calculated in the same
way. By comparing with the above 7 templates, we classify
them to the closest one. Fig. 5 illustrates some of the re-
sults. The first face in each cluster is the referent template,

and we can see the pose classification results are basically
acceptable, even though there may exist mis-locations of the
feature points.

The larger is ∇l2,i, the more tolerance ability the related
PSI has. Fig 6 plots distribution of ∇l2,i with respect to
different PSI; we can estimate the tolerance ability of er-
ror location. Since the relationship between PSI and θ is a
tangent-like function, PSI changes much when |θ| is large;
hence we can use the upper curve of Fig. 6 for analysis when
theta is large, and use the low one when theta is small.
From the result in Fig. 11, we can see that PSI is very sen-
sitive to the pose variant when rotation angle is small.

Further, when ( 1
2sign(x0)‖CO‖+C1) is considered, as

mentioned in (7), its effect can be ignored when the rotation
angle is small. When the rotation angle is large, it will make
PSI change slower; Thus, the tolerance ability of PSI is also
reduced. To design a precise face pose estimation system,
we need not only a precise detection of feature points, but
also a good camera calibration.
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